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Gas dynamics in a simplified pulse detonation engine (PDE) was theoretically analyzed. A PDE was simplified
as a straight tube with a fixed cross section. One end of the tube was closed, namely, this end was the thrust
wall, and the other end was open. A detonation wave was initiated at the closed end and simultaneously started to
propagate toward the open end. When the detonation wave broke out from the open end, a rarefaction wave started
to propagate from the open end toward the closed end. This rarefaction wave was reflected by the closed end. By
considering this rarefaction wave to be self-similar in the analysis of the interference between this rarefaction wave
and its reflection from the closed end, we analytically formulated the decay portion of the pressure history at the
closed end (thrust wall) without any empirical parameters. By integrating the obtained pressure history at the
thrust wall with respect to time, important performance parameters of a PDE were also formulated. The obtained
formulas were compared with numerical and experimental results and agreed with them very well.

Nomenclature

a = sound speed

D¢y = Chapman—Jouguet detonation speed

F,, F, = function describing /., for n or n’

fus fw = function describing thrust-decay history for n or n’

g = standard sea-level value of gravitational acceleration

Leye = impulse per unit cross section per one cycle

Iyc+y = impulse per unit cross section per one cycle
contributed by positive overpressure

I = mixture-based specific impulse

Iy = mixture-based specific impulse contributed by
positive overpressure

Lot = fuel-based specific impulse

Iyr4y = fuel-based specific impulse contributed by
positive overpressure

K = empirical parameter used in semi-empirical formula
proposed in Refs. 4 and 8

ka = numerical constant

kg = numerical constant

ke = numerical constant

L = length of pulse detonation engine (PDE) tube
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propagation Mach number of Chapman—Jouguet
detonation wave; Mcy = Dcy/a;

positive integer which relates to y, as
=02n+3)/2n+1)

parameter used in calculating approximate
thrust-decay history for arbitrary y,

positive integers (1, 2, 3, 4, 6, or 10) used

in calculating approximate thrust-decay history
for arbitrary y,

pressure

radius of PDE tube

temperature

time relative to the instant of ignition

time at which x,; = x3

time at which x;; = L

time at which detonation wave reaches open end
of PDE tube

time at which p,, = p;

time at which plateau in pressure history at thrust
wall ends

time until which obtained thrust-decay history is valid

time defined by
T\’m]id
L= / a,, dt
t#

flow velocity in x coordinate

parameter used in calculating approximate
thrust-decay history for arbitrary y,

coordinate along axis of PDE tube, where x =0 and
x = L correspond to closed and open ends,
respectively

boundary of interference region between exhausting
rarefaction wave and its reflection from closed end of
PDE tube

front boundary of exhausting rarefaction wave

X,r at the time 1*

specific-heat ratio
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Ya» Yo = parameter used in calculating approximate
thrust-decay history for arbitrary y,

Ap = instantaneous thrust per unit cross section

Sa1 = constant determined by y,, ¥, and M¢;

Sa2 = constant determined by yy, y», and M¢;

Sp = constant determined by y,, ¥, and M¢;

0 = mass density

T = period of one cycle of PDE operation

g = mass fraction of fuel in initial detonable gas mixture
Subscripts

out = outer surface of thrust wall of PDE tube

w = inner surface of thrust wall of PDE tube

1 = undisturbed region ahead of detonation wave
2 = rear surface of detonation wave

3 = rear boundary of decelerating rarefaction wave

Introduction

PULSE detonation engine (PDE) is an internal combustion en-

gine in which fuel is repetitively burned as self-sustained deto-
nation waves."? Because a PDE is of simpler structure and of higher
theoretical thermal efficiency compared with a conventional inter-
nal combustion engine based on isobaric combustion, research and
development for its practical applications are underway throughout
the world.

Most of experimental studies on PDEs have been carried out by
using simplified PDEs.>~7 Here we call a straight detonation tube
with fixed cross section, one end of which is closed and the other
end open, a simplified PDE. Against the background of such experi-
mental studies, modeling studies to predict PDE performances have
been progressed mainly on simplified PDEs. As such models, semi-
empirical models including an empirical parameter, which should
be determined by comparison between the semi-empirical formula
and experimental results, were proposed.*® And although the au-
thors proposed an analytical model® including no empirical param-
eter, the model was usable only for qualitative prediction of PDE
performances because a rarefaction wave, through which the burned
gas was exhausted, was not correctly treated.

In this paper, we present analytical formulation, without any em-
pirical parameters, of pressure history at the thrust wall of a sim-
plified PDE. Especially important progress in this work is the for-
mulation of the decay portion of the pressure history at the thrust
wall. Only after this formulation, one can predict the time at which
overpressure at the thrust wall turns negative from positive. This
time is a key parameter when determining the time sequence of the
valves of a PDE.

In the following, we explain the setup of the problem first. After
that, we describe an overview of gas dynamics in a simplified PDE.
Next, details of the formulation of the pressure history at the thrust
wall are presented. Performance parameters of a simplified PDE are
also formulated by integrating the pressure history at the thrust wall
with respect to time. After completing the formulation, we discuss
the applicability and validity of the obtained formulas by comparing
them with numerical and experimental results. We summarize the
principal results in the final section.

Setup of the Problem

A PDE is simplified as a straight tube with fixed cross section as
shown in Fig. 1. One end of the tube is closed, namely, this end is
the thrust wall, and the other end is open. The instantaneous thrust
per unit cross section is written as

Ap = Pw — Pout (1)

The tube is initially filled with uniform detonable gas at rest. A
detonation wave is initiated at the time ¢ =0 and at the location
x =0. Because of the explosive combustion of the detonable gas,
Pw increases. Figure 2 schematically shows the pressure history at
the thrust wall. The burned gas is exhausted through the open end
of the tube, and thereby p,, decreases gradually. The pressure p,,

pout$ <:|pw

n--
F

x=0 X
Fig. 1 Simplified PDE.
Pw
........ (2
p1 ------ 1
- - >t
t=0 t= texhaust

Fig. 2 Schematic of the pressure history at the thrust wall.

decreases to the initial value at the time foypaus. After the time feyxpaust,
purge of the residual burned gas and recharge of the fresh unburned
gas are carried out.

The impulse per unit cross section per one cycle of a simplified
PDE is written as

T Texhaust
Icyc = / Ap dr = / (pw - pl)dt + (pl - pout)T 2)
0 0

In the preceding formula, it was assumed for simplicity that the purge
of the residual burned gas and the recharge of the fresh unburned
gas are carried out under the pressure p;, and that variation of poy
during 7 is negligible.

In the following, all gas dynamics but the detonation wave will
be treated as isentropic processes. The thickness of the detonation
wave will be neglected. The effects of viscosity and thermal con-
duction will be also neglected. Furthermore, all gas dynamics in the
tube will be treated as one-dimensional.

Overview of the Gas Dynamics in the Tube

Figure 3 shows a schematic space—time (x—t) diagram of charac-
teristics in the tube. We describe an overview of the gas dynamics
in one cycle of PDE operation next.

The tube is initially filled with uniform detonable gas at rest. The
initial undisturbed gas is characterized by y, pi, a1, and u;(=0).
At the time ¢t =0, a detonation wave is initiated at the closed end
(x = 0) and simultaneously starts to propagate toward the open end.
The burned gas at the rear surface of the detonation wave is char-
acterized by y,, p», a,, and u,. In Fig. 3, x, denotes the position of
the detonation wave.

Because a detonation wave is a compression wave, the gas at the
rear surface of the detonation wave has a finite velocity, which is in
the same direction as the propagation of the detonation wave, that
is, u, > 0. Because the gas at the closed end has to be at rest, the
burned gas is decelerated to u = 0 between the detonation wave and
the closed end. Because this decelerating flow is characterized by
a characteristic speed, that is, sound speed, but by no characteristic
length, this deceleration should be realized by a self-similar rarefac-
tion wave following the detonation wave.'? We call this rarefaction
wave the decelerating rarefaction wave hereafter. (This rarefaction
wave is often called the Taylor wave.) For the detonation wave to be
stable, it must be a Chapman—Jouguet (CJ) detonation wave'' be-
cause it is followed by the decelerating rarefaction wave. The front
boundary of the decelerating rarefaction wave coincides with the
rear surface of the CJ detonation wave. The gas at the rear boundary
of the decelerating rarefaction wave is characterized by y3(=y»),
D3, az, and u3(=0). The rear boundary of the decelerating rarefac-
tion wave also propagates toward the open end, whose position is
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Fig. 3 Schematic space-time (x—f) diagram of characteristics in a sim-
plified PDE.

denoted by x5 in Fig. 3. Also all gas in the region 0 < x < x3 is char-
acterized by y3(=1,), ps, as, and u3(=0). The detonation wave
reaches the open end at the time #¢;.

The detonation wave is transmitted to the outside of the tube as an
inert shock wave, which rapidly decays due to the three-dimensional
divergence effect. And the gas flow inside the decelerating rarefac-
tion wave is subsonic. Therefore, another rarefaction wave starts to
propagate from the open end toward the closed end at the time #¢;.
Through this rarefaction wave, the burned gas is exhausted from the
open end. We call this rarefaction wave the exhausting rarefaction
wave hereafter. Although this rarefaction wave might be initially
preceded by a reflected shock wave in some cases depending on
the initial conditions,® the preceding shock wave can be rapidly at-
tenuated by the following rarefaction wave because the rarefaction
front travels faster than the preceding shock wave. Accordingly,
we ignore the preceding shock wave for simplicity. The position of
the front boundary of the exhausting rarefaction wave is denoted
by x,¢ in Fig. 3. The front boundary of the exhausting rarefaction
wave initially propagates in the decelerating rarefaction wave and
intersects the rear boundary of the decelerating rarefaction wave at
the time #* and at the location x;, and after that, propagates to the
closed end in the uniform gas at rest characterized by y3(= y»), ps,
as, and u3(=0). The front boundary of the exhausting rarefaction
wave reaches the closed end at the time Zyjycqu- In the time region
0 <t <tylaean (the time ¢ =0 is singular in this analysis), the pres-
sure at the closed end is kept to be p,, = p3. That is, the pressure
history at the thrust wall shows a plateau.

After the time #pjycqu, the pressure at the thrust wall decays in the
manner determined by interference between the exhausting rarefac-
tion wave and its reflection from the thrust wall. Their interference
region extends from the closed end toward the open end, the bound-
ary of which is denoted by x;; in Fig. 3 and reaches the open end
at the time #*. At the time fexpaus, the pressure at the thrust wall de-
creases to the initial pressure, and the purge of the residual burned
gas is started for the next cycle.

Analysis and Formulation

Plateau in the Thrust History
Parameters describing the state of the burned gas at the rear sur-
face of the detonation wave are given by

Mg +1
_nfa*’ 3a
D2 | D1 (3a)
M? 1
a = % Y2 Doy (3b)
VIMCJ Y2 +1

_ VIM(sz - " 1
Mg r+1

Uy Dqy (3o

These formulas were obtained by using the results in Ref. 11. And
by neglecting the thickness of the detonation wave, the position of
the rear surface of the detonation wave is given by

Xy = Dyt (3d)
Additionally, the detonation wave reaches the open end at the time
tcy = L/ Dy 4

The time #¢; is a characteristic time of the gas dynamics in the tube.
The state of the gas inside the decelerating rarefaction wave,
namely, in the spatial region x3 < x < x5, is given by

(1 olx—x 2m(n—l)ylﬁ’ltth“‘l (5a)
b= v+l axt rn+1 p
M+, 1 y»—1x
a=""9 ) 2 (o} : - (5b)
Mg v+l ntlt
MZ, + 1 2
U= _VILZVZ DCJ+—£(<a) (5¢)
y]Mcj )’2+1 V2+1t

These formulas were obtained by using the results in Ref. 12 and
the boundary condition that the front boundary of the decelerating
rarefaction wave coincides with the rear surface of the CJ detonation
wave. The inequality u <a was derived by using the inequalities
X <Xx, and 1 < y,. Further, the state of the gas at the rear boundary
of the decelerating rarefaction wave, which is also the state of the
gas occupying the region 0 < x < x3, is given by

P3 = 8a1p1 (6a)
az = Dcy/842 (6b)
X3 = ast (60)
where
+D/(2=1)
5= My +y (viMy + o+ 1\ (7a)
Al =
2)/2 )/| M(Z:J + 1 2]/2
yiMZg
Spp=2——179— (7b)
)/1 Mc] + )/2

These formulas were obtained by using the formulas (5a—5c) and
the boundary condition that u3 =0. The pressure p; is the plateau
pressure in the thrust history, which is one of the important parame-
ters characterizing performances of a PDE. When MZ; > 1, 8,4, and
842 would become, respectively,

da1 |ng N (Vl/Vz)%MéJ[()/z +1)/2y,] 2T D/02 =D (8a)
6A2|[[/]éJ >1 ~2 (Sb)

We adopted the two-y model. If the one-y model were adopted,
the plateau pressure in the thrust history would be given by

y+D/(y=1
| COME A M+ oy 1\ ©n)
P3lyy=pn=y = ) )/Méj-i-l ) P1 a

This result was derived in Ref. 8. Further, when MéJ > 1, this would
become

Pily ==y 51 ¥ LMLy + 1)/2717 0 =D p 0 (9b)

This result was derived in Ref. 4. The formulas (6a), (8a), and (9b)
show that the one-y model would bring the plateau pressure in the
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thrust history lower by a factor of y,/y, than the two-y model when
M2, > 1, which is almost satisfied in most laboratory experiments.
Because the factor y,/y; is not so close to unity in general, the two-y
model is more suitable in the formulation of PDE performances.

The exhausting rarefaction wave starts to propagate from the open
end toward the closed end (thrust wall) at the time f¢c;. The front
boundary of the exhausting rarefaction wave is the leading charac-
teristic that starts to propagate from the open end toward the closed
end at the time f¢;. This characteristic initially propagates in the de-
celerating rarefaction wave. Because the sound speed and the flow
velocity in the decelerating rarefaction wave were given by Egs. (5b)
and (5c¢), respectively, the propagation velocity of this characteristic
is written as

dx. M 2 3—
PP (L R Doy + — 22 <0) (10)
dr ylMCJ )/2+l ]/2+1 t

By solving this differential equation with the condition that x,; = L
when ¢ = 1y, the following solution is obtained:

202 =D/(ra+ 1)
Dcyt Mg +1 tes ” ” n Mg + 2
Vi M(ZJJ ! i M(ZtJ

an
This solution is valid only when x3 < x,¢. This characteristic inter-
sects the rear boundary of the decelerating rarefaction wave at the
time ¢* and at the location x};. The time ¢* and the location x; are
obtained by using Eq. (11) and the condition that x,; = x5 as follows:

M3 1
"= (M rntl fes (12a)

—n+D/20n -1
Mg +1 2y )
—m+D20n -1
. 1 )/IM(Z:J+]/2]/2+1 2 +D/2(r2
xi=—\—5— L (12b)
Sa \ Mg +1 2p
After the time ¢*, the front boundary of the exhausting rarefaction
wave propagates toward the closed end with the sound speed a3
because the gas in the region 0 <x < xj is at rest. Therefore, the
front boundary of the exhausting rarefaction wave reaches the closed
end at the time fpjaeau, Which is given by

tplatcau =t"+ x;k[/GS = dplcy (13)

where

—(2+D/2(0n-1
M2 1
53_2<wyz+ ) (14)

S\ nMEG 41 2y

In the time region 0 < ¢ < fpjaeau, the pressure at the closed end (thrust
wall) is kept to be p,, = p3. When Méj > 1, 6z would become

Slyz 51 ~ 2A(ys + D2yl 2 FVRRD (1)

If the one-y model were adopted, the duration of the thrust plateau
would be given by

ol o MaE Ly )
plateauly; =y =y ]/M(%J‘i‘l 2 (@)

This result was derived in Ref. 8. Further, when Méj > 1, this would
become

ey, — s =iz, 51 2L+ D/2y 720Dy (16b)

This result was derived in Ref. 4.

1.0 T T
— y=23121
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Fig. 4 Dependence of x7/L on Mc; and v, where 1 ="~,=~ was
assumed.

Decay in the Thrust History

Next, we formulate the decay portion of the pressure history at
the thrust wall. This formulation is the most significant in this work.
First, we think about flowfield in the tube just before the time #,jcau-
If x &~ L, the exhausting rarefaction wave should be a self-similar
rarefaction wave propagating from the open end toward the closed
end through the uniform gas characterized by y;(= y»), ps3, as, and
u3(=0). We call this self-similar rarefaction wave the approximate
self-similar rarefaction wave hereafter. And if L — x; < L, the flow-
field in the tube just before the time #,.can can be close to that
of the approximate self-similar rarefaction wave. Figure 4 shows
the dependence of x/L on Mcy and y, where we assumed that
y1 =y» = y. As shown in Fig. 4, the dependence of x7;/L on y is
weak, and the condition L — x; < L is almost satisfied. In the limit
that M2, — 1, x./L is given by

.
2

—-(n+D/20n-1
ntn(ntrnntl) 20" (17
Vi n+1 2pn

2
MCJ~>1

In this limit, we can also consider that y; = y,. Therefore, we can
write as follows:

(x/ L)y 1 (170)
(e)
On the other hand, x%/L in the limit that M2, >> 1 is given by

(6/ L) |y % 3102 + /27220220 1g)

Intherangethat1 <y, < %, this is a monotonically decreasing func-
tion of y, and ranges between 25/32~(.781 and 0.825. Based on
the preceding estimation, we consider the interference between the
exhausting rarefaction wave and its reflection from the closed end as
that between the approximate self-similar rarefaction wave and its
reflection from the closed end in the following analysis. The validity
of this approximation will be further examined later in the section
in which we will describe comparison between the analytical and
numerical results.

Here, we briefly summarize the gas dynamics of the approximate
self-similar rarefaction wave, the front boundary of which reaches
the closed end at the time fyjqcau- The following results are obtained
by using the results in Ref. 12. The pressure, sound speed, and
flow velocity in the approximate self-similar rarefaction wave are,

respectively, given by
2 -1 L —x 2y2/(v2—=1)

p= + p3 (192)
2 V2 — 1 L—x

V2 + 1 V2 + 1 ast — aStplateau + L
as
y2+ 1 V2+ 1 l_tplatcau+L/a3

(19b)

L—x
u=a— ——<a (19¢)
r— [plaleau + L/a3
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Table 1 Function describing the decay portion of the pressure history at the thrust wall
n V2 fn
3 3
1 1
1 Z=1.667 LN R I ps
Pw 2\ pw 2\ pw
% ; ;
7 3 1 3
2 L_14 By (B ] < .
5 Pw 2 Pw 2 Pw 2 Pw
é : ;
9 5 3 3 5
3 21286 LEN) Qe (E) +5(2) +2(E2
7 Pw 2 Pw 2 Pw 2 Pw 2 Pw
r T fr i T
11
4 =102 Py _B(p S(p 2(r S(r B
9 Pw 27\ pw 2\ pw 20\ p 25\ pw 27 Pw
1 £l H L 5
6 15_ s 3\ _ 231 ps\" 63 p3\" 105 ps\" 25(ps\" 105( p3\"”
137 Pw T210 Pw 29 Pw 210 Pw 28 Pw 210 Pw
u bE}
63 » 231 3\ "
2 2]0 p
% % 5 %
23 46,189 ‘ 12,155 ‘ 19,305 il 2145 ‘
10 =105 fo 2) = LEX N L) LE)
21 Pw 218 Pw 217 Puw 218 Puw 215 Pw
9 1 13 15
8085 3969 » , 8085 > L2 =
217 Pw 216 pw 217 Pw 215 Pw
1 19 2
19,305 [ p3 \ * N 12,155 p3 \ * N 46,189 ( p3 \ *
218 p"} 217 pUJ 218 pUJ
These quantities at the open end (x = L) are, respectively, kept to 10— n=2321, 7= 1513
be ) - — /=119, —--p=15
_ 0.8 - = 5/3
=12 1122/G2 =D 20a Q& )
Ple=t [2/(r2+ D] p3 (202) S 0.6 O  Explicit function for y, = 15/13
aly=1 =12/ + Dlas (20b) By
) I g 0.4
ulx:L =a|x:L (200) 0.2 =
Next, we describe the formulation of the decay portion of the pres- 0 b P P i i
sure history at the thrust wall, that is, the pressure history at the thrust 0 1 2 3 4
wall in the time region fyjacau < f. Let us recall the approximation a, (t- tpI ateau) | L

that the interference between the exhausting rarefaction wave and
its reflection from the closed end is replaced with that between the
self-similar rarefaction wave propagating from the open end toward
the closed end through the uniform gas characterized by y3(= y»),
P3, az, and u3(=0) and its reflection from the closed end. In fact,
we can find this approximate situation in problem 1 in Ref. 13. Ac-
cording to Ref. 13, when the front boundary of the approximate
self-similar rarefaction wave reaches the closed end of the tube with
length L at the time fpjyeau, the state of the gas at the closed end after
the time fpjaequ 1S analytically given by
i

L n
r— <tplaleau - a) = ( (alZU ) :| (21)

That is, strictly speaking, analytical solutions exist for only discrete
values of y,. By using the preceding solution and an isentropic
relation

L
2'n!

1 o

Ay aaw

1

Ay

2
—a;

a3 [a}, = (pu/ps) "+ (22)
the decay portion of the pressure history at the thrust wall for a
positive integer n can be formulated as follows:

as(t — zplaleau)/L +1= fn(pS/pw) (23)
where the function f, is as shown in Table 1. Figure 5 shows decay
histories of the pressure at the thrust wall for several values of ;.
As shown in Fig. 5, the dependency of the thrust-decay history on
y» is not strong so much.

Fig. 5 Decay history of the pressure at the thrust wall.

Because it is inconvenient that the thrust-decay histories are given
for only positive integers n, namely, for only discrete values of y»,
we use approximate thrust-decay histories for arbitrary values of
y». The approximate thrust-decay history for an arbitrary value of
y, is given by interpolating or extrapolating two f, s for appropriate
values of n shown in Table 1, which are denoted by n, and n,,
namely, given by

a3(t — totaean) /L + 1 = fir (p3/pu) (242)
where
=GB =7r)/2n-1 (24b)
S (p3/pw) = (1 = X) fo, (P3/ Pw) + Xfa, (P3/Pw)  (24¢)
=02 = Y)W — Va) (249)
Yo = Q2nqa +3)/Q2ny + 1) (24¢)
Yo = (2np +3)/Cnp + 1) (24)

Furthermore, it is sometimes convenient that the thrust-decay
histories are given by explicit functions of time. For that purpose,
we determine the following explicit function of time, which satisfies
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Fig. 6 Dependence of fexhaust/fcy on Mcy and -+, where v =y, =~ was
assumed.

the condition that p,, = p3 when ¢ = fjcau, by fitting the implicit
function of time:

Pu;/P3 = kA eXP[_kB(CB/L)(t - tplaleau)]

+ (1 = ka) expl—ke (a3/ L)t = tpiear)] (25)
where k4, kp, and k¢ are numerical constants determined by x-
square minimization. Because the dependency of the thrust-decay
history on y; is not strong as already mentioned, we actually de-
termined k4, kp, and k¢ by the fitting of the implicit function for
n = 6 only, namely, for y, = 15/13 ~ 1.154 only. The results of the
fitting are k4 = 0.6066, kp =2.991 and k¢ = 0.5014. This explicit
function was also shown in Fig. 5.

Denoting the time at which p,, = p; bY Zfexhausts Zexnaust 1S Obtained
by substituting f.xnause and py for ¢ and p,, in Eq. (24a), respectively,
and given by

Texhaust = {SAZ[fn’(aA]) 1]+ SB}ICJ (26)

Figure 6 shows the dependence of fexpayst/fc; on My and y, where
we assumed that y; =y, =y.

Finally, we roughly estimate the condition for that the obtained
results are valid. Denoting the boundary of the interference region
between the exhausting rarefaction wave and its reflection from the
closed end by x;,, x; is the leading characteristic propagating from
the closed end toward the open end in the exhausting rarefaction
wave. This characteristic starts to propagate at the time fyjaeau- Let
us recall again the approximation that the interference between the
exhausting rarefaction wave and its reflection from the closed end is
replaced with that between the approximate self-similar rarefaction
wave and its reflection from the closed end. Because of this approx-
imation, the sound speed and the flow velocity in the exhausting
rarefaction wave were given by Egs. (19b) and (19c), respectively.
Because x;, is the leading characteristic propagating from the closed
end toward the open end in the exhausting rarefaction wave, x;; is
governed by the following equation:

dxi; 4 3—p» L — x;

@7

u+a= as —
dr y2+1 V2 + 1t _tplaleau +L/a3

Solving this differential equation with the condition that x;, =0
when # = fjycau, the following solution is obtained:

1 L
Xip =L — vt az| t — tplateau + —
-1 as
o N L\ a —2n-D/n+D 2
X — 1= —
plateau a L v +1

(28)

Denoting the time at which x;; = L by ¢*, t* is given by
1 = (85 +0u2{[2/ (o + DIV D — 1 iy (29)

As far as no strong shock wave enters the tube, the obtained thrust-
decay history is valid until the time #,,;4 at which the leading char-
acteristic, which starts to propagate from the open end toward the
closed end at the time t*, reaches the closed end.
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Fig. 7 Contour plot of ¢
was assumed.

/texhaust in Mcy-7y plane, where v =2 =~

Let us roughly estimate the time #,,;,4. Because of the isentropic
process, sound speed relates to pressure as

a=a (p/p3)(vz —D/2r (30)

Regarding the power in the preceding relation, 0 < (y» — 1)/(2y»)
< é inthecaseof 1 <y, < % Accordingly, the variation of the sound
speed in the tube is so small. Based on the smallness of the variation
of the sound speed in the tube, we estimate the time #,,;;, instead of
tyaiid>, Where ¢, ., is defined by

Hatia
L= f a, dt 3D
#

Because the gas in the tube is flowing in the direction from the
closed end to the open end, the time #,,,,, in the definition of which
the flow velocity was neglected, can be much earlier than the time
tvaia- In Eq. (31), the sound speed at the thrust wall is given by

ay = as(pu/pa) "~ (32)

As mentioned earlier, the power in Eq. (32), namely, (y» —1)/(2y»),
is small. Therefore, the dependency of a,, on p,/ps; is weak. Fur-
thermore, as shown in Fig. 5, the dependency of p,,/ps on y; is not
so strong. Based on these, we use the approximate explicit function
(25) and the numerical constants determined by fitting the implicit

function for n =6 (y, = 15/13 A 1.154) in calculating ¢ ;,, namely,
we use
ay = as {kA eXp[_kB (a3/L)(t - tplaleau)]

+ (1 — ka) expl—ke (as/ L) (t = tpiaiean) 1} 7>~ V272 (33)

and k, =0.6066, kg =2.991, and k¢ =0.5014 in calculating £, ;.
The condition ], / fexnaust > 1is asufficient condition for that the ob-
tained thrust-decay history is valid. The dependence of 1, .,/ fexhaust
on Mcy and y, where we assumed that y; =y, =y, is shown in
Fig. 7. The condition #,,/fexhaust = 1 is a sufficient condition for
the validity of the obtained thrust-decay history. As shown in Fig. 7,
a sufficient condition for the validity of the obtained thrust-decay
history is approximately given by Mc; <5.5. The validity of the
obtained thrust-decay history in the case of M¢; > 5.5 should be ex-
amined by comparing the obtained analytical formulas with results
of experiments or numerical simulations.

Performance Parameters

In this subsection, we formulate the impulse per unit cross sec-
tion per one cycle and the specific impulse of a simplified PDE by
integrating the obtained pressure history at the thrust wall with re-
spect to time. From Eq. (2), we can write the impulse per unit cross
section per one cycle of a simplified PDE as follows:

Texhaust
[cyc = (P3 - pl) Iplateau +/ (pw - pl)dt + (p] - poul)f
Tplaleau
(34
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Table 2 Function describing Iy,

1927

n Y2 Fy
5 7 5
1 §:1.667 F1(5A1,5A2)— ] <7 521+1>
7 A2 7 2 21 2
2 5= 14 F>(841,042) = S —1 <_5A1 o4 a1 24’3111 - 2_4‘SZ1 + 1)
9 dar (187 45 1 9 3 273 45
3 7 =1.286 F;(&Al,am)_ — ( Al — 2—73§1 % R 265;1 >3 8Al +1
11 842 437 ! 55 3 33 55 385
4 321.222 F4(3A1,5A2)— A 1<—5A1—2—85211—55)’]1—2—751“—2—75:1——5” +1>
4387 495 L 315 3 315 & 375 L
Is R T TR T e
6 — =1.154 Fs(5a1,0842) =
13 dar—1 525 & 945 H 3465
) A 15 +1
211 Al 211 211
1,503,829 96,577 & 55913 & 49,335 5 49,335 2% 26,565 2% 30,429 ;—i
23 San 719 AL 71 831 219 831~ 219 81— 219 831 — 18 81— 18 831
10 = =1.095 Fio(8a1,042) =
21 Sa1— 1 _3TI91 5 49335 & 148005 & 279565 &y 1062347 3
518 YAl H18 Al H19 Al 719 %4l 719 Al
Because the thrust-decay history is given by an implicit function 5
of time, we rewrite the second term in the right-hand side of the 3 —
preceding equation as follows: b4 P AT i
c.;: 4 T 1EEemn T
© 2=
) Q 2o
Icyc = 5/3(P3 - Pl)tCJ +/ (t - tplateau) de + (pl - pout)r (35) E /'/’ — y=23I21
> 3 - — =119 |-
5 / — e y=TI5
where Eq. (13) was used for fyjycau- By calculating the second term - l/ —-- y=58
2 '} 1 1

in the right-hand side of the preceding equation, I, for a positive
integer n is formulated as follows;
Icyc = [8p + Fu(8a1,842)1(p3 — p)icr + (P1 — Pou) T (36)
where the function F), is as shown in Table 2. As is the case with
the thrust-decay history, the approximate impulse for an arbitrary

value of y, is given by interpolating or extrapolating two F,s for

1 2 3 4 5 6 7 8 9 10
MCJ

Fig. 8 Dependence of nondimensional Icy+) on Mcy and -y, where
~1 =72 =~y was assumed.

where

appropriate Values of n shown in Table 2, which are denoted by n, Lo = Loye(r) (40a)
and n,, namely, given by pLg
Icyc(+)
Leye = [0 + Fu (a1, 842)1(p3 — p)itcr + (p1 — pou)T  (372) Ity = (40b)
¢rpLg
where
Fy (a1, 82) = (1 = X)F,, (81, 842) + X F,, (a1, 842)  (37b) Summary of the Formulation

andrn’, X, y,, and y,, are given by Eqgs. (24b), (24d), (24e), and (24f),
respectively.

Although the impulse per unit cross section per one cycle of a
PDE is formulated as Eq. (37a), only the contribution by positive
overpressure often has an engineering significance. From this view-
point, we denote the impulse per unit cross section per one cycle
contributed by positive overpressure by Iy(s, which is given by

Leyery = [0 + Fw (841, 842)1(p3 — p)icy (38)

Figure 8 shows the dependence of Ieye1)/[(p3 —
and y, where we assumed that y; =y, = y.

Finally, the mixture-based and fuel-based specific impulses of a
simplified PDE are, respectively, formulated as follows:

p)tcy]l on Mcy

The pressure history at the thrust wall p,, and the performance
parameters fexnaust> ey, Isp» and Igpe can be calculated from the pa-
rameters i, 2, Mcy, Dcy, L, pi, Pou> T, p1, and ¢ by the follow-
ing procedure. First, we calculate #cy, 841, 842, 85, and n’ by using
Egs. (4), (7a), (7b), (14), and (24b), respectively. Next, we deter-
mine appropriate values of n, and n, from the value of n’ and by
using Table 1 or 2, and calculate y,, 5, and X by using Egs. (24e),
(24f), and (24d), respectively. After that, we calculate ps, az, and
Iplacau DY Using Egs. (6a), (6b), and (13), respectively. The pressure
history at the thrust wall is given by

Pw(t; 0<t= tp]atcau) =D3 (41a)

t(pw; P1 < pw < p3) = (L/a3)[ f (P3/Pw) — 11 + faeau

(41b)

Iy = Leye = Iy M (39a) with Eq. (24c). Equation (41a) shows the plateau in the pressure

pmLg pLg history at the thrust wall, and Eq. (41b) shows the following decay,

I ( ) which is given by time implicitly. On the performance parameters,

Lyt = e _ Lot + P1~ Pou)T (39b) we calculate fexhaust> Leye, Isp» and s by using Egs. (26), (37a), (39a),
¢roiLg orp1Lg and (39b), respectively, with Egs. (24c) and (37Db).
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Table 3 Parameters for theoretical formulas

Gas mixture 71 72 Mcy Dcy?

Hj + air 1.394 1.167 4.852 1979
(stoichiometric)

2H; + 0y 1.396 1.129 5.276 2841

CoHs +30, +No 1.341 1.139 6.844 2269

CyHy + 30, 1.329 1.140 7.267 2376

CyH, +2.50, 1.324 1.153 7.344 2425

2In meters/second.

On the parameters needed for calculations of the pressure history
at the thrust wall and the performance parameters, pouw, L, T, ¢y,
p1, and p; are generally given as the operation condition of a PDE.
And also the initial temperature 7; is known from p; and p; through
the equation of state. Once the species and thermodynamic state of
the undisturbed detonable gas are determined, we can determine y,
¥2, Mcy, and D¢y by calculations based on the conservation laws
of gas dynamics and the chemical equilibrium of the unburned and
burned gases. Table 3 shows some sets of these parameters, which
will be used later in comparison between the obtained formulas
and numerical and/or experimental results. These parameters were
obtained for the condition that p; =0.101325 MPa (1 atm) and
T, =300 K by using the chemical-equilibrium code STANJAN,'*
where we substituted O, + 3.76N, for the air.

Here, we have to explain how to determine the parameters y; and
y, in detail. The parameter y,; is determined by using the relation
a12 = y1p1/p1, where a, is the frozen sound speed of the undisturbed
detonable gas. On the other hand, the parameter y; is determined by
using the relation a% = Y22/ p2, Where a, is the equilibrium sound
speed of the burned gas at the rear surface of the CJ detonation
wave. The use of the relation a> =y p/p corresponds to adopting
the approximation that the change of the thermodynamic variables
of the gas is regarded as the polytropic change except for the inside
of the detonation wave. That is, we adopt the approximation that
the relations p/p” = p1/p]" and p/p* = p2/p}* = p3/p}* hold for
the unburned and burned gases, respectively. To be exact, y is more
appropriate to be called the polytropic index than the specific-heat
ratio in this case. Generally, the chemical composition of the un-
burned gas is frozen. Therefore, for the unburned gas the polytropic
index is practically the same as the specific-heat ratio. However, the
temperature of the gas burned as a detonation wave is, in general,
so high that its chemical equilibrium is attained rapidly. Further-
more, the relation p/p? = p»/py* = p3/p;* played important roles
in the analysis of the gas dynamics of the burned gas. These are
the reasons why we determine the parameter y, by using the rela-
tion a3 = v, p»/p2, where a, is the equilibrium sound speed of the
burned gas at the rear surface of the CJ detonation wave. As shown
in Table 3, the typical value of n (y») isn =6 (y, =15/13 = 1.154).

Comparison with Numerical Simulations, Experiments,
and Semi-Empirical Formulas

Comparison with Numerical Simulations

For validation of the obtained analytical formulas, we compared
them with results of numerical simulations. Figure 9 shows the ge-
ometrical conditions of the numerical simulations. The computa-
tional domain was axisymmetric. We carried out numerical sim-
ulations in two cases: case 1 is that L =100 mm and » =5 mm,
and case 2 is that L =100 mm and » = 2.5 mm. In the time re-
gion 0 <t <tcy = L/ D¢y, flowfield in the tube only was calculated
one dimensionally along the axis of the tube. Only after the time
tcy, flowfield in the whole computational domain shown in Fig. 9
was calculated axisymmetrically. The initial gas pressure and tem-
perature were, respectively, 0.101325 MPa (1 atm) and 300 K in
the whole computational domain. In the hydrodynamic code,'® we
adopted an elementary-reaction model'® for calculating the heat re-
lease and the chemical composition right through, where nitrogen
was treated to be inert. For initiation of the detonation wave, we
artificially set up a thin high-pressure region, which was 3 MPa in
pressure, 3000 K in temperature, and 0.4 mm in thickness, on the

€« 2L

Y

Air (0,+3.76N,)

<« L —> +
—
A 220, 1 r  _y_1

f Central Axis

Fig. 9 Geometrical conditions of numerical simulations.
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Fig. 10 Comparison between the analytical and numerical results on
the pressure history at the thrust wall.

thrust wall. All numerical results shown next are the values on the
central axis of the tube.

Figure 10 shows comparison between the analytical and numeri-
cal results on the pressure history at the thrust wall. Some character-
istic times in the theoretical analysis were also shown in Fig. 10. The
numerical results in the two cases were almost completely in agree-
ment each other, showing that the obtained numerical results were
independent of the aspect ratio of the tube L /r. It is not surprising
that the theoretical result had no initial peak although the numerical
results had it because the initiation of the detonation wave was not
treated in the theoretical analysis. Although the theoretically pre-
dicted pressure was just a little lower than the numerical results in
the decay portion, the theoretical result and the numerical results
were in very good agreement as a whole. In other words, the dis-
agreement in the decay portion represents the limit of the accuracy
of the analytical formulas. On the mixture-based specific impulse,
the analytical result was I, = 186.3 s. Correspondingly, the numer-
ical result was I, = 195.0 s, which included the initial peak and was
higher than the analytical result by 4.7%, or Iy, = 192.6 s, which did
not include the initial peak, where

Icy
/ Apdt
0

fcy
2/ Ap dt
icy/2

and was higher than the analytical result by 3.4%.

Figure 11 shows the histories of pressure and Mach number at the
open end of the tube. Some characteristic times in the theoretical
analysis were also shown in Fig. 11. In the theoretical analysis,
we adopted the approximation that the interference between the
exhausting rarefaction wave and its reflection from the closed end
is replaced by that between the approximate self-similar rarefaction
wave and its reflection from the closed end. If this approximation
is appropriate, the pressure at the open end ought to come close to
a definite value given by Eq. (20a), which was 2.37 p; in this case,
when time gets closer to fpjacau, and after the time #,jycau, the pressure
at the open end ought to be kept at that definite value until the time
*. And the Mach number at the open end ought to come close to
unity when time gets closer to fyjaeau, and after the time fyjycqu, the
Mach number at the open end ought to be kept at unity until the time

was replaced by
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Table 4 Comparison between the theoretical and experimental results on specific impulse

Ref. Gas mixture Initiation Frequency Experiment® Theory?®
5 H; + air Spark plugs and 16 Hz Ispr = 3800 ~ 4450 Ispr = 4215
(stoichiometric) Shchelkin spiral
6 2H, + Oy Spark plug only Single pulse Ip =191 I, =186.3
6,7 CoHy +307 +N»p Spark plug only Single pulse Iy =159 I, =160.8
6,7 CyHy + 30, Spark plug only Single pulse I =171 Ip=171.2
6 CyH, 4+-2.50, Spark plug only Single pulse Ip =202 Ip=172.7
3 CH; +2.50, Initiating tube Single pulse Isp =193 ~203 Iy =172.7
#Lpf, Isp in seconds.
' L ! ! L L Ll 1.2 r—r—r—r1rrr—rrp T
21 (a) - — Sim. (Case 1) 3 3
T Sim. (Case 2) 1.0F Theory 3
I 10 \ 3 - —— Experiments ]
n sF \\ Llla3 £ i g 0.8F (Zitoun and Desbordes)|
x af . 4 3 3
E— \| = 0.6F r
= 2F \~.‘ 1 6: 3 3
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s 04 platent b N Fig. 12 Comparison between the theoretical and experimental results
- # b on the pressure history at the thrust wall.
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Fig. 11 Numerically calculated histories of a) pressure and b) Mach
number at the open end of the tube.

t*. As shown in Fig. 11, the numerical results showed that almost in
the time region L/a; <t < t*, the pressure at the open end was kept
at a definite value, which was 2.29 p; and agreed with the theoretical
prediction with 3.4% accuracy, and the Mach number at the open
end was kept at unity. This shows the validity of the approximation
that the interference between the exhausting rarefaction wave and
its reflection from the closed end was replaced by that between the
approximate self-similar rarefaction wave and its reflection from the
closed end.

Further, the numerical results shown in Fig. 11 show that the
Mach number at the open end is kept at almost unity until when
the pressure at the open end comes down to the ambient pressure
even after the time #*. This shows that a small disturbance, which
starts to propagate from the open end toward the closed end at the
time ¥, can propagate toward the closed end only with much lower
speed than the sound speed. Accordingly, the earlier-discussed suf-
ficient condition for the validity of the obtained results, which was
tyia/ Texhaust = 1in Fig. 7, is too sufficient, and the parameter region,
in which the obtained results are valid, is more extensive than that
shown by 1.,/ fexhaust = 1 in Fig. 7.

Comparison with Experiments and Semi-Empirical Formulas
Further, we compared the obtained theoretical formulas with pub-
lished experimental results. Figure 12 shows comparison between
the theoretical and experimental results on the pressure history at the
thrust wall. The experimental results shown in Fig. 12 were obtained
by Zitoun and Desbordes.* In their experiments, the detonable gas
mixture was C;Hy+30,, and it was initially at ambient conditions
of pressure and temperature. As shown in Fig. 12, the theoretical
formulas, Egs. (41a) and (41b), were in good agreement with the
experimental results as a whole. As is the case with the compari-
son between the analytical and numerical results, the theoretically

predicted pressure at the thrust wall was just a little lower than the
experimental results in the decay portion.

In Table 4, we summarize available experimental data and the
corresponding theoretical predictions on specific impulse. In all ex-
periments shown in Table 4, the detonable gas mixtures were initially
at ambient conditions of pressure and temperature. The theoretical
predictions were in agreement with the experimental data within
a few percent except for the case of C,H,+42.50;. In the case of
C,H,+2.50,, the theoretical prediction was lower than the experi-
mental data by about 15%. Although the reason of this disagreement
is not yet clarified, one possibility is the impurity of the detonable
gas mixture, C;H,+2.50,, because obtaining of high-purity acety-
lene is generally not so easy because of solvent.

Finally, we compare this work with the semi-empirical models re-
cently proposed.*® In the semi-empirical models, the decay portion
of the pressure history at the thrust wall was not analyzed in de-
tail, although the plateau was analyzed. And the one-y model was
adopted in the semi-empirical models, whereas the two-y model
was adopted in this work. To formulate the impulse per unit cross
section per one cycle of a simplified PDE, one has to integrate the
pressure history at the thrust wall with respect to time. In the semi-
empirical models, the impulse per unit cross section per one cycle
contributed by positive overpressure Ioyc+) Was given by a semi-
empirical formula:

Icyc(+) = K(PS - Pl)fCJ (42)

where K ~ 5.4 and 4.8 were recommended in Refs. 4 and 8, respec-
tively. In this work, I.y.;) was given by Eq. (38), and accordingly,
K is expressed as

K = K(y1, 72, Mcy) = 8 + Fy (a1, 842) (43)

Thatis, the parameter K is not a constant but a function of yy, ,, and
My in this work, and the behavior of it was shown in Fig. 8. From
Fig. 8, K ~4 for typical CJ] Mach numbers: M¢; =5~ 7. This is a
little smaller than the recommended values in Refs. 4 and/or 8. How-
ever, the following should be noted. The two-y model was adopted
in this work, whereas the one-y model was adopted in Refs. 4 and
8. As mentioned earlier, the one-y model would bring the plateau
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pressure in the thrust history p; smaller by a factor of y,/y, than
the two-y model when Méj >> 1, which is almost satisfied in most
laboratory experiments. As shown in Table 3, y,/y; ~0.81 ~0.87
typically. Therefore, both this work and the semi-empirical mod-
els predict similar values of Ioy, Iy, and I for current laboratory
experiments.

This work has two significant aspects compared with the semi-
empirical models previously proposed.*® First, the results of this
work can be used for the cases of smaller M¢; than current labora-
tory experiments in principle because this work needs no empirical
parameter that has to be determined by using the results of current
laboratory experiments. Second, this work can predict the duration
during which overpressure at the thrust wall is positive, namely,
fexhaust- Lhis duration is very important when we determine the time
sequence of the valves in a PDE.

Conclusions

We analytically formulated the pressure history at the thrust wall
of a simplified pulse detonation engine without any empirical pa-
rameters by using some appropriate approximations. The validity
of the approximations we used was examined by using numeri-
cal simulations. The derived formulas were validated by compar-
ing them with numerical and experimental results in the parame-
ter range of 4.9 < My < 7.3. On the pressure history at the thrust
wall, the derived formulas reproduced the numerical and experi-
mental results very well as a whole although the derived formula
for the decay portion predicted a little lower pressure. On the spe-
cific impulse, the derived formulas reproduced the numerical and
experimental results within better than 5% except for the case of
C,H,+42.50;. Because the derived formulas are valid in the param-
eter range of 1 < My <5.5 from the gas-dynamic consideration,
we conclude that the derived formulas are valid in the parameter
range of 1 < M¢y < 7.3. The validity of the derived formulas in the
parameter range of 7.3 < Mcy needs further examination.
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